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Abstract: Direction of Arrival (DOA) estimation is the process of
estimating the incident angle of waves from a radiating or reflecting
source using an antenna array. DOA estimation is highly important in
several areas, such as navigation, remote sensing, radar, sonar and
wireless communication. Nevertheless, noise, interference and
multipath effects complicate accurate DOA estimation. Deep learning
(DL) techniques, which model the intricate relationships in signal data,
can overcome these challenges. This work presents a new DOA
estimation method that uses a hybrid LSTM-CNN feature extraction
pipeline, multi-head attention with GWO-mRMR-based feature
selection, and an ANN. The method includes improvements such as
positional encoding in multi-head attention and an adaptive learning
rate in the ANN. It is trained and evaluated on synthetic signal data
generated by a Uniform Linear Array (ULA) model. In the evaluation,
it achieves MAE (2.15), MSE (15.68), RMSE (3.96), and R? score
(0.98). This accuracy can be attributed to the robust feature extraction
pipeline, which captures spatial and temporal features effectively, and
to the model’s focus on the most relevant and informative features.
Additionally, the method achieves lower MSE and RMSE than
MUSIC, SVR and ESPRIT and a clear advantage at low SNR, while
the classical subspace methods remain competitive at high SNR.

Keywords: DOA estimation; Regression; Hybrid feature extraction;
Multi-head attention; Signal data generation.
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1. Introduction
In array signal processing, where sensor array consisting of multiple antennas placed next to each other

is used to receive and process the signals, DOA estimation is a crucial step. The DOA estimation helps in
determining the spatial location regarding the signal source, by way of angle or direction from which a
wave is striking at the sensor array [1]. It has gained research interest due to its widespread applications in
sonar, radar, and wireless communications, as well as smart homes, navigation, remote sensing, medical
imaging, seismic exploration, speaker recognition, and electronic warfare [2]. The basic DOA estimation
approach utilizes the phase differences between signals received through multiple sensors in the ULA to
determine the direction of the incoming wave [3]. However, several significant challenges impact its
accuracy, efficiency, and applicability. One of the primary difficulties is accurately determining the number
of the sources in the environment. Most current DOA algorithms operate under the assumption that the
number of the sources is referred to as a priori, which can lead to significant errors if this is not accurately
estimated [4]. Secondly, accurately separating near-field sources, lying within the Rayleigh distance (L)
boundary, and far-field sources, lying outside it, poses a considerable challenge. Failing to differentiate
between these signals can lead to an unsuccessful DOA estimation since the characteristics of near-field
sources differ substantially from those of far-field sources [5]. Lastly, environmentally introduced
background noise, interfering signals, reflections and scattering from obstacles that create multiple signal
paths also degrade DOA accuracy. Most DOA estimation algorithms perform poorly when the incoming
signals are distorted or have low signal-to-noise (SNR) ratio, leading to unreliable results [6].

Numerous direction-finding algorithms have been created. Amongst all, the most promising methods
are Multiple Signal Classification (MUSIC), which exploits the noise subspace, and Estimation of Signal
Parameters by the Rotational Invariance Techniques (ESPRIT), which exploits the signal subspace [7], [2].
However, these methods have certain limitations. MUSIC and ESPRIT require eigenvalue decomposition
or singular value decomposition, which is computationally expensive. Besides this, MUSIC can be applied
to only narrow-band signals, that is frequencies must be within a small range, and ESPRIT is unreliable for
noisy signals [8]. Recent advancements have shifted towards employing DL approaches for robust DOA
estimation [9]. DL is a sub-set of ML and Al, dealing with special algorithms known as neural networks
(NNs) that mimic the working of human cognitive systems. The DL networks can simplify computations
and enhance DOA estimation accuracy [10]. The classification-based DOA estimations (on-grid
estimations) are limited to pre-defined categories or set of possible angles. In real-world situations, the
signal source's angle could have any value, yetthe classification network might justidentify the
closest discrete angle in the set [11]. Therefore, regression-based DOA estimations, which do not rely on a
pre-defined set of angles, emerged as a solution.

Regression method directly gives the predicted DOA rather than angle category which gives a more
accurate and continuous DOA estimation [12]. Besides, the classification-based DOA estimation is very
demanding with regard to computation, which limits its use in reality where fast and accurate estimation is
of paramount importance. DOA estimation using regression helps in reducing the complexities of high
dimensional classifications and is also a possible solution to real-time processing [13]. Finally, regression-
based approaches tend to be more flexible and resilient in dynamic scenarios when the amount of signal
sources and angles may change unpredictably. Conversely, classification-based approaches might not work
well in such cases unless the predefined categories are good representations of the incoming data, which is
not always the case [14]. Thus, a new regression-based DOA estimation framework is introduced and
applied in this work. It leverages the DL algorithms of Long Short-Term Memory (LSTM) and
Convolutional Neural Network (CNN) for feature extraction and Artificial Neural Network (ANN) for
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estimating the DOA. Enhancements are made using multi-head attention mechanisms with positional
encodings and GWO-mRMR feature selection strategies. The goal of this work is to achieve accurate and
robust estimates for the angles of the incoming signal sources, which could be useful in various applications
across industries and verticals.

The major contributions of the presented study are:

1. Design of a pipeline in which the 1D-CNN captures the spatial topology of the array elements and the
LSTM models sequential sliding-window sample statistics from preprocessed data matrices.

2. Introduction of multi-head attention with Relative Positional Encoding specifically to preserve the
directional spatial boundaries inherent in uniform linear arrays (ULAs).

3. Formulation of a joint multi-objective filter-wrapper approach (MOGWO-mRMR) that optimizes for
maximum signal-angle feature relevance while removing statistical correlation.

The rest of this paper is organized as follows. Section 2 is a survey of the current machine learning and
DL-based methods of DOA estimation with gaps in research and opportunities. In the third section, the
proposed approach to DOA estimation is presented, including all the stages of the network. Section 4
describes the implementation setup and the results obtained. The results are critically analyzed, put to
comparison with state-of-the-art DOA estimation algorithms, and a comparison with prominent previous
works is provided in this section as well. Finally, Section 5 concludes the paper by summarizing the main
findings, discussing limitations and giving future work directions.

2. Literature review

This section examines past studies pertaining to the DOA estimation. It concentrates on both traditional
and contemporary methods which depend on DL. The discussion indicates the advantages and drawbacks
of the current approaches, research gaps, and forms the basis of the proposed DOA estimation framework
in Section 3. Various DL methods and algorithms which are founded on pattern recognition have been used
to estimate DOA. They have been shown to be effective in overcoming the drawbacks of conventional
approaches, which estimate DOA by signal subspace decomposition, spectral analysis or beamforming,
usually with noise sensitivity, low resolution, low precision, and high computational complexity [15]. This
review only covers works that use DL networks to estimate DOA as indicated in Figure 1, in a similar
direction to this work. Some of the most significant and applicable classification-based DOA estimation
approaches and regression-based DOA estimation approaches are listed below.

“' DOA ESTIMATION APPROACHES IN

DEEP LEARNING
‘ CLASSIFICATION REGRESSION
NETWORKS NETWORKS
Predicts a category or Predicts a continuous
range of angles value for the angle
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Figure 1: DOA estimation approaches in literature

Wu et al., 2019 [16] developed a classification-based Deep Convolutional Network (DCN) to estimate
DOA:s as spectral bands. It considered the spatial sparsity of the incident signals and learned their inverse
transformations. Simulation results with an 8-element ULA demonstrated the network’s precision in low
SNR conditions. Chen et al., 2020 [17] proposed a generalized framework for classification-based high-
resolution DOA estimation using sparse arrays. The incoherent signals (no fixed phase relationship with
each other) were one-bit quantified and classified using Logistic Regression, achieving good accuracy with
reduced hardware and computational complexity. However, the estimations are only rough estimates of the
DOAs and not exact values. Kase et al., 2022 [18] made a similar choice and estimated DOAs with a ULA
by means of classification. They combined two Deep Neural Networks (DNNs), whose grids (categories of
angles) are off by half the resolution, to reduce the estimation error for off-grid angles. The staggered DNN
combination was better at high SNR ratios compared to the Root MUSIC algorithm, but it was
computationally complex and resource-intensive, having a negative effect on its application in real-life
applications. Another classification-based DOA estimation method suggested by Hu et al., 2020 [19] is a
hybrid ANN-CNN architecture in a multi-transmitter environment. The ANN locates spatial subregions and
the CNN estimates DOA in each subregion, which was highly accurate even with large antenna defects.

It also performed better than single deep-learning networks and other algorithms. Zheng et al., 2024 [20]
conducted DOA estimation of multiple and single signal sources with the use of residual CNN, which is
formulated as classification problem. The efficiency of the suggested method was shown by experiments
involving various SNRs and additive generalized Gaussian noise (AGGN) and extreme multi-source input.
Chen et al., 2024 [21] came up with SDOA-Net, which is a DL-based novel CNN to estimate DOA in
imperfect arrays. The network, which generates a spatial spectrum vector, takes into consideration such
aspects as antenna position perturbation and mutual coupling effects. In addition, the simulation results
indicated that SDOA-Net has the lowest RMSE as compared to MUSIC, ANM, FFT and OMP even at low
SNRs. Kassir et al., 2024 [22] utilized ResNet architecture for classification-based DOA estimation.
Simulation results were obtained using ULA with 16 elements and noise. Comparisons with a custom CNN
and FFNN showed the superiority of the suggested ResNet-based approach, even with varying incoming
signals and noise levels. Liu et al., 2024 [23] adopted a regression-based method for DOA estimation using
a DNN for a ULA with 22 sensors. The output was the estimated DOA of source instead of the spatial
spectrum. This work proved more effective and efficient than the conventional classification DNN, and
traditional methods of MUSIC and CBF. Xiong et al., 2022 [24] proposed R-DNN for estimating DOAs of
multiple source signals through regression-based method. The ‘R’ refers to array covariance matrix, whose
upper right elements are considered for the DOA estimation by the DNN. Simulation results indicated that
the proposed approach outperformed the DNN classifier and MUSIC in accuracy, with faster training and
testing times. Zhu and Zhang, 2019 [25] proposed another regression-based approach using CNN and
Uniform Circular Arrays (UCA). The network learned inverse mappings and predicted the angle’s sine and
cosine. Simulation results showed that the method was robust and on par with other established methods.
Chen et al., 2020 [26] estimated the DOAs of incoming signals using a hybrid classification-regression
method. They classified the input signal into spectrum bands with an NN (detection network).

Another DNN was then used to predict direction (estimation network) using regression. The procedure
produced better accuracy and precision in simulation. On the same note, the hybrid method was also used
by Guo et al., 2020 [27], but in the form of a cascaded NN that targeted closely spaced sources. They
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developed a classification network that enabled them to obtain the SNR ranges and two subnetworks that
would predict DOA using the classification output (high SNR or low SNR). Estimation performance in
simulation was high under diverse conditions. The comprehensive review reveals the trends and
opportunities in DL-based DOA estimation techniques. Although classification-based methods have shown
encouraging results, they usually use predetermined angle grids resulting in low resolution and accuracy.
Regression-based techniques, however, provide a more continuous and also an accurate estimation of
DOAs. Although they have potential, regression-based methods are rather under-researched, which can be
leveraged by additional studies [28]. This paper addresses this research gap by proposing a regression-based
DOA estimation framework that uses the potential of DL to obtain high-resolution, high-quality DOA
estimates. The study thereby advances DOA estimation techniques and opens the way to higher
performance in various applications, such as wireless communication, navigation, seismic exploration,
speaker recognition, remote sensing, medical imaging, jamming, spoofing, and acoustic source localization
[29, 30].

3. Proposed method

The proposed approach employs recent DL methods to build a powerful and effective DOA estimator.
It takes advantage of a hybrid feature extraction method, in which CNN as well as LSTM extract the spatial
and temporal features of the input, respectively. These features are further refined with a multi-head
attention mechanism with positional encoding to achieve better results. GWO with mRMR is used to select
the most informative features as the dimensionality of features is very high. Finally, the features selected
are fed to the ANN to predict DOA. MAE, RMSE, MSE and R? score are used for evaluation. In this
manner, the proposed approach makes appropriate estimations by effectively employing spatial, temporal
and positional data. It also concentrates on the most pertinent and informative characteristics to enrich the
predictions even more. The diagrammatic representation of the suggested approach is presented in Figure
2 and its steps are described in the following sections.

Input Parameters

DATA EVALUATION

GENERATION

FEATURE EXTRACTION

e Con
LSTM __CNN REGRESSION
Temporal features Spatial features

) HYBRID MULTI-OBJECTIVE GREY WOLF
OPTIMIZATION (GWO) WITH MINIMUM
REDUNDANCY AND MAXIMUM RELEVANCE
(MRMR)

T

MULTI HEAD ATTENTION
WITH RELATIVE POSITIONAL ENCODING
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Figure 2: Proposed methodology framework

3.1 Data generation
The process begins with modeling the received signals using a ULA. A ULA with * M ’ elements and
inter-element spacing ‘d ’ is utilized for receiving ‘ K > narrow-band plane waves. These waves have

complex amplitudes s, (t) and a wave-length A lambda, transmitted by sources located at angles at time? .
The signal received at the i array element (i =L... M )is expressed as Equation 1, where #, (t)

represents the noise signal at the i ~™ element. To simplify, an M x K steering matrix A is defined, where

its generic element a; ; is given by equation 2.

K
%) = ) sp () 2GS 4 (1) (1)
k=1
A = e—jZn//l(i—l)dsinek (2)

Using vector notation, the received signal can be rewritten as Equation 3, where A is the steering matrix.
Here, x(t), n(l), and s (t)are given by eq 4, eq 5, and eq 6, respectively, and [-]T denotes the transpose.

x(t) = As(t) +n(b) 3)
x(t) = [x1.(0), %2(E), s, 2 (O] (4)
n(t) = [ (&), na ()., (O] ()
s(®) = [51(t), s2(8), s, sk (O]T (6)

signals for DOA estimation. The MxM spatial correlation matrix is defined as stated in equation 7. Here,
E[-]and []” represent statistical expectation and Hermitian transpose, respectively. R and R are the

source signal and noise signal correlation matrices, defined as given in equations 8 and 9.

R, = E[x(t)x¥(t)] = ARsAH + Rn (7)
Ry = E[s(t)s"(®)] (8)
R, = E[n(t)n"(6)] 9)

Assuming the noise signals are independent Gaussian white noise with 0 mean and variance o’, R,
simplifies to equation 10, where I is the M x M identity matrix. Substituting it into R , we have the final

spatial correlation matrix given by equation 11.
R, = o2l (10)

R, = AE[s(t)s"(®)]A" + oI (11)
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In the present work, the spatial correlation matrix is preprocessed and used as input R for the feature

extraction step. Since R_ represents a Hermitian matrix, its upper and lower triangular parts contain the

same information. Previous research has shown that the upper triangular part alone is sufficient for accurate
DOA estimation [24], [26] and the same is considered in this work.

So, the input vector to the feature extraction step is constructed from the elements of the upper triangular

part of R, organized into an A °-dimensional vector * y * as given in equation 12. Here, 7, , represents

the (h, k) —thelementof R ,and R [-],and / [-]representreal and imaginary parts of a complex number,

respectively.

y = [7”1,1.7”2,2'---.TM,M;R(T1,2)'1(7”1,2):R(r1,3)'1(7”1,3)»---'I(rM—LM)]T (12)

For a Uniform Linear Array (ULA) configuration with M = 10elements, the upper triangular portion

of the spatial correlation matrix (including the diagonal) yields M (M +l)/ 2 = 55complex elements.

Upon separating the real and imaginary components for the remaining M (M —1) /2 = 45 off-diagonal

elements, the final real-valued input vector dimensionality is strictly evaluated as
M (diagonals) + ZX[M (M —l)/2] = 10 + 90 = 100dimensions. This explicitly justifies the

flattened sequence length processed by the network pipeline.

Since NNs do not process complex numbers directly, every complex element of Ry (excluding the
diagonal) is split into two real values for input preparation. This ensures that the data is suitable for
processing by networks.

Furthermore, to standardize the input for better NN performance, the transformation is applied to “ y .

This transformation scales all features to a range of 0 to 1, ensuring uniformity and improving the
convergence of the network.

3.2 Feature extraction with hybrid LSTM-CNN

One of the most crucial steps in the proposed method is feature extraction that helps extract the
underlying patterns of the input data. Two different feature extractors, LSTM and CNN, are employed in
this work. Using two feature extractors, namely, LSTM and CNN, the proposed approach represents two
complementary sets of features: one reflects the sequential nature of the data, the other the spatial patterns
in the input. LSTMs are useful at extracting the time characteristics of data, and CNNs extract the spatial
characteristics [31]. Through this hybrid method the extracted features have a temporal and spatial nature.
The LSTM networks obtain temporal features from the input data.

The temporal features are the sequential relationships and dependencies that are present in the data,
which play a significant role in estimating DOA [32]. These characteristics allow the model to learn the
dynamics of the signals; thus, it can learn to identify small changes and trends that will indicate the DOA.
The spatial features on the other hand represent the structural arrangements on the input data and display
the associations among the various components of the input, the distribution and strength of signals on the
array.
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Crucially, although individual spatial covariance matrices represent static spatial snapshots, the
continuous generation of signal samples inherently possesses dynamic operational structures across
successive execution intervals. To capture these underlying transitions without requiring an explicit,
complex three-dimensional temporal tensor, the flattened statistical features are organized into optimized
processing batches (with a batch size of 32). The LSTM branch treats the structural segments of the 100-
dimensional feature vector as an ordered sequence of spatial-statistical dependencies. This enables the
network to track progressive phase dynamics and spatial boundary variations directly from the continuous
batch stream, thereby justifying the adoption of the LSTM network for enhanced tracking stability under
low SNR conditions.

This improves knowledge of spatial properties by the model, required to figure out the precise DOA
[31]. This combination LSTM-CNN methodology makes sure that the model represents the data in its
entirety by integrating both spatial and temporal features, which enhances performance and accuracy in
DOA estimation.

3.3 Multi-head attention with positional encoding

Next, the features are refined by passing them via a multi-head attention mechanism. Multi-head
attention enables the model to focus on various parts of input feature vector simultaneously, thereby
capturing the relationships between various elements in the data [33]. It looks at the data non-sequentially
to identify and weigh the most relevant features in spite of their position in the input sequence [34].

Multi-head attention is effective for DOA estimation applications, in which the input data might have
complex, non-sequential dependencies. By learning which aspects of the input are most useful for accurate
DOA estimation, multi-head attention can improve the model’s focus and enhance performance.

In the presented work, the extracted features from both the LSTM and CNN branches are passed to the
multi-head attention block for feature refinement. This ensures that the resulting attended feature vector
includes both sequential and spatial characteristics, providing a richer and more detailed feature
representation. However, along with conventional multi-head attention mechanism, positional encoding is
applied to the extracted feature vectors. Positional encoding maintains the order and relative relationship
between the features [35]. While temporal and spatial interrelations play a central role in the DOA
estimation task, positional encoding helps in properly establishing the relative differences of various
features based on the positions taken in a feature vector. It helps the attention mechanism preserve the
structure of the inputs and perform better.

To preserve spatial dependencies independent of absolute coordinate shifts, Relative Positional

Encoding (RPE) is incorporated into the attention formulation. The modified attention logit e; between
element i and element j is computed as:

T R
_ Gikj+a;;

¢ = I (13)

where aif denotes the learned relative positional parameters representing the directional distance
coordinate grid shift ( — j) within the uniform linear array space.
3.4 Feature selection using multi-objective GWO with mRMR

Feature selection is a significant step for the reduction of the dimensionality of feature vector by
retaining only the major informative and relevant features and eliminating redundant and irrelevant ones.
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Metaheuristic feature selection algorithms are majorly utilized for this purpose and are superior to other
feature selection methods [36]. They randomly navigate through the vast solution space (a subset of features
in this case) to iteratively perform exploration and exploitation, guided by the objective and fitness
functions, to converge to the best solution. In exploration, the algorithm thoroughly searches the solution
space close to the most promising solutions or subsets of features, while in exploitation, it searches the
promising areas that are found in the exploration phase [37]. In this way, it suggests the best solution that
can bring performance improvements.

For feature selection in this work, the GWO algorithm with multiple objectives is leveraged. GWO is
inspired by the hunting behavior and social hierarchy of the gray wolves when they move in packs. The
mathematical model is based on four types of wolves: Alpha, Beta, Delta, and Omega. Their leadership and
cooperation strategies are leveraged for exploring the search space and find the best solution [38]. When
the model is initialized, all the wolves represent a potential solution. As the iterations progress, exploration
and exploitation take place, and the different solutions are evaluated. When the stopping criterion is met,
the best solution found is given by the algorithm. Alpha is the best solution and the leader of all solutions,
followed by Beta, Delta, and Omega solutions in the same order given in Figure 3.

Top performers,
highest rank

TN S Beta
B Strong contributors,

high rank

o | Delta
‘\. "/ Average performers,
= mid rank

—» ( @) Omega
Lowest performers,
lowest rank

Figure 3: Social hierarchy of grey wolves.

The GWO algorithm iteratively refines solutions by simulating encircling, hunting, and attacking
behaviors of grey wolves. The search is guided by the positions of the alpha, beta, and delta wolves, which
represent the best solutions. The position of a wolf X is updated by equation 14, where X, Xg and X,, are

the positions of the top three wolves, and D is a distance vector computed based on random coefficients to
balance exploration and exploitation.

X, (D+ Xg)D+ X, (D)
Xi+1)="—==ZT"—p (14)
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New position

X(t+1)= (X1 +Xo + X3)/3 @ «: best solution

. B: second best
@ o: third best

. w: other wolves

Current wolf
X(t) (w)

Estimated prey region
(best solution area)

Figure 4: Position updating in GWO.

When applied in multi-objective optimization, GWO optimizes several conflicting objectives
simultaneously. In feature selection, the objective functions normally have the tendency of maximizing the
relevance of selected features towards the target variable and minimizing redundancy in selected features.
The same objectives are used in GWO, as shown in equation 15, where f(x) is the objective function, A4
and A, are weighting factors that balance the trade-off between relevance and redundancy, and x represent
a subset of features.

f(x) = Al * Relevance(x) — A2 * Redundancy(x) (15)

The feature relevance is often measured using mutual information I (X;, Y) between feature X; and target
Y, while redundancy is quantified as average mutual information between selected features X; and X; .

The target trajectory mapping updates the distance vector D as follows:
D=|C-X,(t) —X ()| (16)
where the coefficient vectors are mathematically structured as A =2a- r,—aand, C=2r,. Here, 1,

and 7, represent uniformly distributed random vectors within [0, 1]. Furthermore, Equation 16 represents a

scalarized multi-objective objective wrapper function where Al and A2 function as relative priority scaling
weights.

Furthermore, GWO is combined with Minimum Redundancy Maximum Relevance (mRMR)
criteria to enhance efficiency. The mRMR concept is based on mutual information and computes correlation
between every feature and the target variable [39]. In this way, it examines the informative value of features
and assigns a higher level of priority to features with stronger correlations with target variable. Additionally,
it performs the evaluation of redundancy level amongst features and selects features with minimum
redundancy with features that have already been selected. In this way, mRMR gives a subset of features
that exhibit a low correlation and no redundancy among them [40]. The mRMR criterion can be
mathematically expressed by equation 17. This formulation ensures that selected features convey maximum
information about the target variable while avoiding overlaps in the information provided by different
features.
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MRMR(x) = maxx(l?llz I, ,Y) — % Z 1(X, X)) (A7)
iex ijex i#j
Therefore, this work uses a strong feature selection mechanism that combines multi-objective GWO
(MOGWO) and mRMR. First, mRMR identifies a subset of features that balances relevance and
redundancy. This subset is then optimized with MOGWO, whose two objectives are maximizing model
performance and minimizing the number of selected features, so the trade-off between them is evaluated
carefully. Thus, the optimization targets the smallest subset of informative features.

By adopting this hybrid feature selection approach, this work aims at decreasing the computational
complexity and mitigating risks of overfitting in the subsequent step. In addition, the selected features
ensure that the model focuses on the most relevant spatial correlations and patterns, thereby increasing the
accuracy and robustness of the DOA predictions.

3.5 Estimation using ANN with adaptive learning rate
Finally, to estimate DOAs, a feedforward ANN with an adaptive learning rate is utilized to map the
selected features to the corresponding target values.

ANNs are DL algorithms capable of modeling non-linear and complex data with great results [41].
ANNSs consist of several layers. The first one is the input layer, the last is the output layer, and between
them are hidden layers. Every one of the layers is made up of certain neurons, which perform
transformations on the input based on an activation function. Neurons in the preceding layer are connected
to each neuron in the succeeding layer, and their connection is governed by a weight and a bias term.

In feedforward ANN, information flows in only one direction — from input to one or several hidden
layers and eventually out to the output layer [42]. The primary goal of a feedforward ANN is to learn a
mapping function f, given by equation 18, where n represents dimensionality of the input feature set and
m represents the dimensionality of the output.

fiRy,—> Ry, (18)

Every neuron in the network performs a weighted sum of inputs it receives, adding up to that bias and
then applying activation function to produce an output from that neuron. Mathematically, the output from
one single neuron can be given by equation 19, where Xx; represents input features, w; are the weights
assigned to the inputs, b represents bias term, z represents weighted sum of inputs, ¢(z) denotes the
activation function applied to z, and a denotes the neuron’s output. The network learns by adjusting the
weights w; and biases b through a process known as backpropagation that minimizes the error between
predicted and actual values by optimizing a loss function.

Z =) wix;+b,a=¢(2) (19)

Activation functions play a critical part in NNs, introducing nonlinearity and allowing the network to
learn complex relationships between the inputs and the outputs. There are different types of activation
functions available for use in ANNs [43], such as the Rectified Linear Unit (ReLU), Tanh (Hyperbolic
Tangent), Sigmoid, Softmax, and Exponential Linear Unit (ELU). In this work, ReLU is used to add non-
linearity to the network (Table 3).

ReLU represents one of the most common activation functions that are utilized in DL [44]. It outputs
the value directly if the input value is positive, otherwise, it outputs the value of 0. Due to this simplicity,
it is computationally efficient and is also helpful in overcoming the vanishing gradient problem when used
in hidden layers of the network The mathematical definition of ReLU activation is given in eq 20.
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¢(z) = max(0,z) (20)

Learning rate is another important parameter that has to be specified at the time of training along with
the optimizer. It influences the efficiency and effectiveness of the network’s learning process by improving
the convergence speed and stability. Various optimizes like Adam, RMSprop, AdaGrad, etc. are commonly
employed for NNs and allow specifying the adaptive learning rates.

An adaptive learning rate is a technique where the learning rate is dynamically adjusted during training
based on certain criteria or schedules. Unlike a fixed learning rate, which remains constant throughout the
process of training, an adaptive learning rate modifies the step size for gradient updates. It therefore helps
balance rapid convergence in early training stages with subsequent fine-tuning of the model. It avoids
overshooting into an optimal solution and settles at a finer minimum of the loss function by decreasing the
learning rate over time.

As aregression problem, the ANN in this work predicts continuous values representing the DOAs of the
incoming signals. It accepts the reduced feature set as input, with the DOA angles in the presence of noise
as targets, and estimates the DOAs.

3.6 Evaluation metrics

Several key regression metrics are employed to assess the performance of the proposed network. These
metrics comprehensively evaluate the predictive accuracy and robustness of the model. This evaluation
ensures the reliability of the proposed method and effectiveness in estimating DOAs.

3.6.1 Mean Absolute Error (MAE):

It is used to give a measure of the average magnitude of errors between predicted and actual values as
illustrated in equation 21, which provides simple interpretation regarding model accuracy. Reduced values
of MAE are indicative of better performance.

n
1
MAE == |y~ 3| 21)
i=1

3.6.2 Mean Squared Error (MSE):

The metric measures mean squared deviations of predicted and actual values, penalizing larger errors
more heavily. It is especially applicable in pointing out significant prediction deviation and which is
computed as in equation 22.

n
1 .
MSE == (i = 9 (22)
i=1

3.6.3 Root Mean Squared Error (RMSE):

This metric is the square root of MSE, which is a measure of error on same scale as the target variable.
It is a popular measure of the total accuracy of prediction, and is presented by equation 23.

RMSE = (23)

3.6.4 R-Squared (R?):
This metric is the ratio of variance that can be explained by the model in the target variable. The closer
an R? value to 1, the better. It is obtained by equation 24.
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4. Implementation and results

This section describes the implementation of the proposed methodology and presents the simulation
results. A critical analysis of the results is followed by a comparison with other state-of-the-art algorithms.
Overall, the section shows how the proposed method performs in DOA estimation. The methodology is
implemented in TensorFlow, a powerful and flexible DL framework. All experiments are carried out on a
system with 18 GB of RAM and an AMD Ryzen 7 6800 CPU, which ensures smooth training and testing.
The process has been implemented using a pipeline that is organized by incorporating data generation,
feature extraction, feature selection and estimation of the DOA as discussed in the following sections.

4.1 Data generation

The dataset for this regression problem is generated in Python using the NumPy library, simulating the
signals acquired by a ULA. The ULA has array elements(M = 10) with an inter-element spacing (d =
0.50) and a signal wave-length setto (4 = 1). For the given simulation, one source (K = 1) has been taken
into consideration along with the random selection of DOA of the signal between the range of -45° to 45°.

To make the simulation close to reality, a signal-to-noise ratio of 10dB is employed for inducing noise
in the received signal. In total, 5000 signals or samples are generated. For each sample, random amplitudes
are assigned to simulate narrowband plane waves. Next, the steering matrix, modeling the relationship
between the angles and signals that are received at the array, is calculated as described in Section 3.1. Using
this steering matrix, the received signal is generated, and the spatial correlation matrix (R,) is computed.
The upper triangular part of the spatial correlation matrix is extracted as a vector for use as an input to the
feature extractors. Additionally, in this input vector, the real and imaginary parts of the matrix are separated
and saved as separate values. For the target, the corresponding DOA values are used. Some pre-processing
steps are applied before the input vector is passed to the next step. First, the data are scaled using a Min-
Max scaler to set all values within a range of [0, 1]. This step of normalization leads to faster and more
stable training of the model as no particular value dominates the learning.

For the empirical implementation and model training, the processed input dataset is structured into a

two-dimensional tensor with a configured mini-batch size of 32 samples. Formally, each training batch is

: 32x100
represented as a matrix B el ™™

, where each individual sample is a 100-dimensional real-valued vector
capturing the unique upper-triangular and off-diagonal cross-correlation components of the array. By
feeding this structural batch shape into the hybrid pipeline, the 1D-CNN branch processes the 32x100
matrix to extract global topological array configurations, while the LSTM branch simultaneously scans the
feature dimensions to map intra-sample statistical dependencies. This eliminates the need for an explicit
third temporal dimension while fully preserving the network's capacity to extract rich spatial-temporal

representations from the signal data.

For the LSTM branch, a sliding window approach is adopted to create input sequences. A custom
function, ‘create_sequential data’, is used to transform the input into sequential input-output pairs. The
window size is set to 10, implying that each sequence consists of ten consecutive data points as the input
and the label for the last element in the sequence. The sequential data are then reshaped to match the input
requirement of the CNN branch. After reshaping, the dimensions of the input were (4991, 100, 1) where
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4991 represents the number of sequences, 100 represents the flattened data points in every sequence, and 1
indicates a single channel. The data are then passed to the hybrid feature extraction step.

4.2 Feature extraction with hybrid LSTM-CNN

The hybrid feature extraction step consists of two branches LSTM and CNN. The LSTM captures the
temporal features of the input data, while the CNN captures spatial features. The architecture of the CNN
branch consists of four 1D convolutional blocks, with details mentioned in Table 1. The first block uses 32
filters with a kernel size of 10, the ReLU activation function, and the ‘same’ padding to preserve the input
dimensions. The second block also uses 32 filters but with a larger kernel size of 15, enabling the model to
capture wider spatial patterns. The third and fourth blocks increase the number of filters to 64, both with a
kernel size of 15.

Table 1: CNN architecture used in feature extraction

Layer Configuration
InputLayer -
Reshape -

Filters = 32, Kernel size = 10, Activation = Relu,
ConvlD Padding = Same
LayerNormalization -

Filters = 32, Kernel size = 15, Activation = Relu,
Conv1D Padding = Same
LayerNormalization -

Filters = 64, Kernel size = 15, Activation = Relu,
Conv1D Padding = Same
LayerNormalization -

Filters = 64, Kernel size = 15, Activation = Relu,
Conv1D Padding = Same
LayerNormalization -
GlobalMaxPooling1 D -

A layer normalization follows each convolutional layer to stabilize the training. Skip connections are
added between specific layers to allow residual learning, so that important information from earlier layers
is not lost. Finally, a global max-pooling layer is used to produce a compact feature vector by selecting the
most prominent features in the output. The LSTM branch has four LSTM layers, as tabulated in Table 2.
The first two layers have 32 units each, and the ‘return_sequences’ parameter is set to True, so they return
sequences and enable deeper temporal feature extraction. Layer normalization is applied after each LSTM
layer to improve training stability and performance. Skip connections are used between the first and second
layers to retain temporal information from earlier stages. The third LSTM layer increases the number of
units to 64 and returns sequences to capture more complex temporal dependencies. The final LSTM layer,
with 128 units, returns a single feature vector that summarizes the sequential patterns in the data.

Next, these features are sent to the multi-head attention block for refinement.

To achieve structural synergy, the windowed data sequence (generated via create_sequential data using
a sliding window size of 10) is handled distinctively by both architectures. The LSTM branch sequentially
maps the 10 step localized variations to capture statistical tracking dependencies over time snapshots.
Concurrently, the 1D-CNN branch processes the entire temporal window block globally as a unified
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100x1 spatial feature grid descriptor map per sample sequence. This ensures joint extraction of cross-
snapshot dynamics and global spatial topologies.

Table 2: LSTM architecture used in feature extraction

Layer Configuration
InputLayer -

LSTM Units = 32, Return Sequences = True
LayerNormalization -

LSTM Units = 32, Return Sequences = True
LayerNormalization -

LSTM Units = 64, Return Sequences = True
LayerNormalization -

LSTM Units = 128
LayerNormalization -

4.3 Multi-head attention with positional encoding

Before passing the features from the LSTM and CNN branches to the multi-head attention block, they
are combined by addition and reshaped to match the input format required for the multi-head attention
block. Positional encoding is added to the combined vector to provide the network with positional context.
The Multi-Head Attention mechanism is configured with 16 heads and a key dimension of 128. It allows
the network to attend to multiple input aspects in a simultaneous manner, identifying important relationships
and patterns across the data. The attention output is normalized using layer normalization to ensure stable
training and then flattened to produce the final attended feature representation.

4.4 Feature selection using multi-objective GWO with mRMR

First, mRMR is applied to the attended feature representation, and a subset of features that balances
relevance and redundancy is obtained. Mutual information between the features and the target variable is
calculated as the relevance score, and the scores are normalized to the same scale. Features are then selected
iteratively based on the mRMR scores, with their relevance adjusted by penalizing redundancy with already
selected features. This yields an informative reduced feature set for further optimization. The selected
mRMR features are then optimized using MOGWO. A binary encoding scheme is employed by the
algorithm where every solution is a subset of features. The objective function combines two criteria: to
minimize the validation loss of a Feed-Forward Neural Network (FNN) trained on the selected features and
to reduce the number of the selected features. The FNN architecture is made up of 3 dense layers with 128,
64, and 32 neurons, respectively, all using ReLLU activation and a final output layer with a linear activation
function. The FNN is trained and tested using the selected features, and the validation loss drives the
optimization.

The MOGWO algorithm iteratively updates the population of solutions, optimizing feature subsets
toward a balance between model performance and feature sparsity. The final optimized feature set is derived
from the best solution identified by the algorithm, which represents the most informative and compact
subset of features for subsequent DOA estimation stages.

4.5 ANN with adaptive learning rate

The selected features are fed to the feedforward ANN to predict the continuous DOA values of the
incoming signals. The ANN architecture is designed to learn the complex correlations between the reduced
feature set and continuous target values. It consists of an input layer, followed by 4 hidden layers, and an
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output layer. The input layer accepts the feature set selected in the previous step. Each hidden layer is fully
connected (dense) and uses the ReLU activation function. The implementation mainly uses ReLU
activation, which helps reduce the effect of the vanishing gradient so that the model learns faster. The
network uses the neuron count as a transition mechanism down the layers. It initializes with 128 neurons,
then goes to 64 neurons in the next step, 32 neurons further down, and 16 neurons in the fourth layer. As it
is a regression task, the final output layer has only one neuron with a linear activation function. This
reduction in the number of neurons allows the network to focus on complex patterns and avoid overfitting
by learning more abstract representations at each stage. An overview of architecture is shown in Table 3.

Table 3: ANN architecture used for DOA estimation

Layer Configuration

Dense Units = 128, Activation = ReLU
Dense Units = 64, Activation = ReLU
Dense Units = 32, Activation = ReLU

Dense Units = 16, Activation = ReLU

Dense Units = 1, Activation = Linear

Furthermore, an adaptive learning rate strategy is implemented with a Learning Rate Scheduler callback
to improve model performance. The learning rate starts at 0.001 and is reduced by 1% at every epoch after
epoch five, which gives a gradual reduction and smooth convergence as the epochs increase. The model
has been trained for 30 epochs with batch size of 32, Learning Rate Scheduler callback, MSE loss function,
and MAE metrics. 20% of the data is reserved for validation, to monitor performance and avoid overfitting.

4.6 Simulation results

On the simulation data, the proposed model demonstrates excellent performance in estimating the DOA.
The results on the validation set are given in Table 4, and the training performance is shown by the MAE
and loss curves in Figure 5.

Table 4: Proposed method’s performance on the validation set

Metrics Values

Mean Absolute Error (MAE) 2.151
Mean Squared Error (MSE) 15.676
Root Mean Squared Error (RMSE) 3.959
R-squared (R ?) 0.977

These results indicate that the model is of a high accuracy in the prediction of DOA of incoming signals,
with a very low error margin and a strong correlation between true and predicted values. This can be
attributed to the various elements in the proposed method’s pipeline such as the hybrid LSTM-CNN feature
extraction, multi-head attention with Positional Encoding, MOGWO with mRMR, and ANN with adaptive
learning rate. Together, these components allow the model to capture spatial and temporal dependencies,
select appropriate features and adapt to changing signal patterns, which results in accurate DOA estimation.
The MAE and loss (MSE-based) curves also decrease steadily: as the epochs increase, the training and
validation MAE decrease, which means that the model is learning well. The reduction is fast in the first few
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epochs, and the curves then level off, indicating no major overfitting. The consistency of the training and
validation loss also indicates that the model generalizes well.

In order to further test the predictions of the model, a scatter plot compares the actual and predicted
DOA values, with a dashed red reference line for ideal prediction. Figure 6 shows that the predicted DOAs
are strongly consistent with the actual values. The close clustering of the predictions around the reference
line indicates accurate and robust DOA estimation.y = x
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Figure 5: MAE and MSE loss curves for ANN.

True vs. Predicted Angles

-10 0 10 20
True Angle

30

Figure 6: Scatter plot of true vs predicted angles.

40

Other curves were also plotted to gain a more comprehensive idea of the performance of the model.
Figure 7(a) shows a comparison of actual DOAs (blue) and the predicted DOAs (orange) of the validation
data. Comparing the predictions of the model to the original DOAs reveals that the predictions of the model

are quite similar.
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Figure 7: Plots for (a) true vs predicted DOAs and (b) Error.

The errors or the difference between true and predicted values are presented in figure 7(b). The errors
are mostly between -5 and 5, that is, the model accurately predicts with little variation with the actual values.
These findings confirm the efficiency of the suggested approach in terms of correctly predicting DOA and
having a good generalization potential on unseen data. The predictive power of the approach is indicated
by the low error distribution and proximity of the predicted and true values.

4.6.1 Performance evaluation under multiple SNR conditions

To thoroughly evaluate the resilience and robustness of the proposed hybrid architecture against
environmental noise and channel impairments, a series of comprehensive simulation experiments is
conducted across a wide range of Signal-to-Noise Ratio (SNR) levels, specifically including
—-10 dB,-5 dB,0 dB,5 dB,10 dB,and20 dB . The performance of the network is compared with

classical super-resolution algorithms (MUSIC and ESPRIT) as well as standard Support Vector Regression
(SVR) networks. MUSIC and ESPRIT are evaluated on the same single-snapshot spatial correlation
matrices (M = 10, d = A/2, one source uniformly distributed in [-45°, 45°], 5000 samples per SNR level),
with a 0.05° spectral search grid for MUSIC.

Table 5 details the evaluated Mean Absolute Error (MAE) and Root Mean Squared Error (RMSE)
metrics across these noise boundaries. Furthermore, Figure 8 illustrates the performance degradation curves
as a function of SNR.
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Table 5: Comparative performance error analysis (MAE and RMSE) under multiple SNR conditions.

SNR (dB) Metric MUSIC ESPRIT SVR Proposed Model
-10dB MAE 31.44 31.02 6.80 3.85
RMSE 42.16 40.33 8.95 5.12
-5dB MAE 21.26 23.29 5.12 3.10
RMSE 33.99 34.51 6.70 4.45
0dB MAE 10.10 12.50 3.90 2.65
RMSE 21.84 22.86 5.10 3.90
5dB MAE 5.49 6.47 2.95 2.32
RMSE 16.50 15.28 4.15 3.65
10 dB MAE 1.76 2.67 4.23 2.15
RMSE 7.71 9.17 7.66 3.96
20 dB MAE 0.29 0.43 2.05 1.70

As observed from the experimental data, low SNR conditions (=10 dB and —5 dB) cause a severe
performance drop in the subspace methods MUSIC and ESPRIT, because a single-snapshot spatial
correlation matrix does not allow a reliable separation of the signal and noise subspaces. In this regime, the
proposed model, which exploits the cooperative feature extraction of the 1D-CNN and LSTM alongside
the GWO-mRMR feature selection, maintains a much lower error (MAE of 3.85° at —10 dB compared with
more than 31° for MUSIC and ESPRIT). As the SNR increases, the subspace methods improve rapidly: at
10 dB, MUSIC attains a slightly lower MAE (1.76°) than the proposed model (2.15°), although the proposed
model still yields a lower RMSE, and at 20 dB both MUSIC and ESPRIT achieve sub-degree MAE values
that are lower than that of the proposed model (1.70°). Therefore, the main advantage of the proposed
framework lies in low and moderate SNR conditions, whereas classical subspace methods remain highly
competitive at high SNR.

DOA Estimation Error across SNR Levels (log scale)
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Figure 8: MAE of the compared methods under multiple SNR conditions (log scale).

185



International Journal of Theoretical & Applied Computational Intelligence Vol. 2026

4.7 Performance comparison with state-of-the-art

The performance of the proposed methodology is compared with other state-of-the-art DOA estimation
methods to show its effectiveness. The methods in the comparison are the MUSIC method, Support Vector
Regression (SVR) as well as the ESPRIT method. The evaluation metrics of Section 3.6 are used for the
comparison. The quantitative comparison of the well-established methods and the proposed method on the
simulation data (validation set) is listed in Table 6. MUSIC attains the smallest MAE (1.76), while the
proposed approach has an MAE of 2.15 but a much lower MSE (15.68) and RMSE (3.96) than all other
methods, revealing that it effectively avoids the large outlier errors that occur in single-snapshot subspace
estimation. Finally, the R? value is 0.98, which means that the model captures 98% of the variance in the
target variable, a very good fit. The proposed method outperforms SVR, MUSIC and ESPRIT in terms of
MSE, RMSE and R?, and outperforms SVR and ESPRIT also in terms of MAE. Although MUSIC achieves
lower MAE, MSE and RMSE than ESPRIT, both subspace methods show considerably larger squared
errors than the proposed method.

Table 6: Performance comparison with state-of-the-art

Model MAE MSE RMSE R? Score
SVR 4.23 58.77 7.66 0.91
MUSIC 1.76 59.51 7.71 0.91
ESPRIT 2.67 84.17 9.17 0.87
Proposed Method 2.15 15.68 3.96 0.98

The performance of the proposed approach is visualized together with the other approaches to give a full
comparison. Figure 9 combines all the relevant visualizations that offer a comprehensive perspective of the
comparative performance of the suggested method and state-of-the-art models.
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Figure 9: Performance Comparison based on (a) true vs predicted angles line plot, (b) errors, and (c) true vs
predicted angles scatter plot.

The plots comparing the true DOA values with the predicted values for each method are given in Figure
9(a). It demonstrates that the predictions of the suggested method have a close relationship with the true
values, whereas other methods have more prominent deviations. Figure 9(b) shows the distribution of the
errors of all methods. The proposed approach has the least range of errors with most errors falling between
-5 and 5, which means increased accuracy and reliability. Finally, Figure 9(c) indicates the scatter plot and
reference line (y = x) to compare the actual and predicted DOA values. The suggested approach shows the
most similar clustering along the reference line meaning that it performs better in the accurate estimation
of DOA. The findings of the quantitative analysis and the visualizations are used to point out the strength
and precision of the suggested methodology in relation to the conventional ones. This excellent performance
leverages the combined strengths of LSTM and CNN, attention mechanisms, and advanced feature selection
techniques. On the whole, the comparison highlights the ability of the proposed approach to obtain accurate
and reliable estimation of the DOA.
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5. Conclusions

This paper presents a new approach for DOA estimation based on an integration of LSTM Network,
CNN and ANN with a multi-head attention mechanism based on positional encoding, and a MOGWO
algorithm together with mRMR feature selection. The work considers DOA estimation a regression
problem and as a result, continuous angle values are obtained. An in-depth analysis of the proposed
technique shows a considerable improvement in the DOA estimation accuracy with respect to conventional
algorithms like Support Vector Regression (SVR), MUSIC as well as ESPRIT. In particular, the proposed
approach attains an MAE of 2.15, an MSE of 15.68, an RMSE of 3.96 and an R? score of 0.98, which
highlights its advantage in noisy conditions, particularly at low and moderate SNR. Several elements of the
framework contribute to the improved accuracy. The model extracts temporal and spatial features of the
input data effectively by using both LSTM and CNN. Multi-head Attention with positional encoding
mechanism enables the model to emphasize on the most important features whilst maintaining the positional
information in the data. The integration of MOGWO with mRMR ensures that the most informative and
non-redundant features are chosen. Despite these advances, the proposed approach has limitations. The
framework's baseline evaluation relies primarily on synthetic array scenarios. Real-world acoustic or
electromagnetic signal fields exhibit localized uncalibrated manifold phase errors and multi-path
reflections. Future extensions will focus on hardware prototyping and deployment on physical array signal
processing hardware to validate generalized model resilience. In addition, the experiments use a sample
size of 5,000, which can be increased. Finally, the hyperparameters of the Artificial Neural Network (ANN)
are not optimized, which might yield more accurate DOA estimates. Further research will address these
limitations by using a larger sample to train and validate the proposed approach and by testing it on real-
world data to confirm its robustness and generalization to other settings and signal conditions. The idea of
using hyperparameter tuning techniques to tune the ANN is another avenue that can be pursued in the future.
Moreover, at high SNR, classical subspace methods such as MUSIC achieve a lower MAE than the
proposed model, so hybrid schemes that switch to or refine subspace estimates at high SNR are worth
investigating.
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